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Abstract 
Graphene monolayer, with extremely low flexural stiffness, displays spontaneous rippling due to 
thermal fluctuations at a finite temperature. When a graphene membrane is placed on a solid 
substrate, the adhesive interactions between graphene and the substrate could considerably 
suppress thermal rippling. On the other hand, the statistical nature of thermal rippling adds an 
entropic contribution to the graphene-substrate interactions. In this paper we present a statistical 
mechanics analysis on thermal rippling of monolayer graphene supported on a rigid substrate, 
assuming a generic form of van der Waals interactions between graphene and substrate at T = 0 K. 
The rippling amplitude, the equilibrium average separation, and the average interaction energy are 
predicted simultaneously and compared with molecular dynamics (MD) simulations. While the 
amplitude of thermal rippling is reduced by adhesive interactions, the entropic contribution leads 
to an effective repulsion. As a result, the equilibrium average separation increases and the effective 
adhesion energy decreases with increasing temperature. Moreover, the effect of a biaxial pre-strain 
in graphene is considered, and a buckling instability is predicted at a critical compressive strain 
that depends on both the temperature and the adhesive interactions. Limited by the harmonic 
approximations, the theoretical predictions agree with MD simulations only for relatively small 
rippling amplitudes but can be extended to account for the anharmonic effects. 
  
																																																								
* Corresponding author. Email: ruihuang@mail.utexas.edu. 
	 2
I. INTRODUCTION 
Graphene and other two-dimensional (2D) materials have drawn extensive interests for 
research due to their remarkable structures and properties. One of the common features among 
these 2D materials is their monatomic thickness. As a result, they are highly flexible with 
extremely low flexural rigidity, compared to conventional membranes and thin film materials. At 
a finite temperature (T > 0 K), thermal fluctuations of such ultrathin membranes are expected [1, 
2], similar to the ubiquitous fluctuations of biomembranes [3-5]. Indeed, experimental 
observations have found that suspended graphene membranes often display spontaneous ripples 
[1, 6, 7], likely a result of thermal fluctuations [2]. Such thermal rippling has been found to be 
responsible for the temperature dependent mechanical properties of graphene including elastic 
modulus and apparently negative coefficient of thermal expansion (CTE) at the room temperature 
[8-10]. In most applications, graphene membranes are supported on solid substrates, such as silicon 
(with an oxide surface), copper, and polymers. In addition to the intrinsic thermal rippling, the 
morphology of a substrate-supported graphene membrane depends on the surface roughness of the 
substrate as well as the interactions between graphene and the substrate. Ripples, wrinkles and 
folds are commonly observed in supported graphene as well as other 2D materials [11-16]. Many 
physical properties of graphene depend on the morphology that may be altered by the interactions 
with a substrate. In this paper, we present a statistical mechanics analysis on thermal rippling of 
monolayer graphene supported on a rigid substrate and corresponding molecular dynamics 
simulations for comparison. Two main questions are to be answered: First, how would the rippling 
morphology depend on the adhesive interactions? Second, how would the statistical thermal 
rippling influence the graphene-substrate interactions at a finite temperature?  
The mechanisms of adhesive interactions between graphene and typical substrates such as 
silicon oxide (SiO2) and metals have been studied recently. Both experiments [17-21] and first-
principle calculations [22, 23] have suggested that van der Waals interactions are the primary 
mechanisms in most cases, although other mechanisms may also exist in some cases [24-26]. In 
the present study, we assume a generic form of van der Waals interactions between graphene and 
the substrate at T = 0 K, which was derived from the Lennard-Jones (LJ) potential for pairwise 
particle-particle interactions [27]. Such an adhesive interaction is expected to suppress the rippling 
amplitude of a supported graphene membrane. However, a quantitative correlation between 
adhesion and rippling morphology of graphene has yet to be established. Moreover, even with 
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temperature-independent parameters for the van der Waals interactions, the statistical nature of 
thermal rippling renders an entropic effect on the graphene-substrate interactions that would 
depend on temperature. As a result, the effective properties of the graphene-substrate interface 
become temperature dependent in general. Furthermore, additional effects on the morphology and 
adhesion of graphene may come from the fact that the graphene membrane is often subjected to 
an in-plane pre-strain, either unintentionally due to the growth/transfer processes or intentionally 
for the purpose of strain engineering [28].  
The remainder of this paper is organized as follows. Section II presents a statistical mechanics 
analysis based on a continuum membrane model of pre-strained graphene and the generic form of 
van der Waals interactions. Section III describes the MD simulations. The results are compared 
and discussed in Section IV, followed by a summary in Section V.  
  
II. A CONTINUUM STATISTICAL MECHANICS ANALYSIS 
The graphene monolayer is modeled as a two-dimensional (2D) continuum membrane, which 
interacts with the substrate via an interfacial force field of van der Waals type. The presence of an 
interfacial force field influences thermal rippling of graphene, which in turn introduces an entropic 
effect on the graphene-substrate interactions at a finite temperature. The substrate is assumed to 
be rigid with a perfectly flat surface, whereas the effect of surface roughness is left for future 
studies. 
For a graphene monolayer on a perfectly flat substrate with no thermal rippling, a generic form 
of the van der Waals interaction energy function can be written as [27]: 
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where z is the separation distance between graphene and the substrate surface,  is the adhesion 
energy (per unit area), and h0 is the equilibrium separation. The two parameters (  and h0) are 
assumed to be independent of temperature in the present study, although they could be temperature 
dependent in principle (e.g., due to statistical effects of electromagnetic modes and thermal 
radiation [29-32]).  
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Figure 1. Thermal rippling of graphene on a rigid substrate by MD simulation (Γ0 = 0.242 J/m2, h0 = 0.316 
nm, ε0 = 0, and T = 1000 K): a top-view snapshot with color contour for the height and a deflection profile 
along a line.  
 
At a finite temperature (T > 0 K), the graphene membrane fluctuates out of the plane (see Fig. 
1). At a particular instance, the rippling profile of the graphene can be written as 
  0);,()();,( hTyxwTzTyxz      (2) 
where z  and w are the normalized average separation and out-of-plane deflection, respectively. 
Correspondingly, the total interaction energy between graphene and the substrate over an area Ω 
is approximately 
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where )(zV   and )(zV   are the first and second derivatives of the interaction energy function in 
Eq. (1), and the higher order terms are neglected. Note that this approximation is valid only when 
1w  (i.e., the out-of-plane deflection is small compared to the equilibrium separation). 
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Following a previous work for freestanding graphene [10], we consider a graphene membrane 
subjected to a biaxial pre-strain , relative to the ground state at 0 K. With the rippling profile in 
Eq. (2), the elastic strain energy of graphene consists of two parts, the bending energy ( bU ) and 
in-plane strain energy ( sU ): 
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where D is the bending modulus of graphene, )1/(*  EE  is the in-plane biaxial modulus, and 
E and v are the 2D Young’s modulus (unit: N/m) and Poisson’s ratio of graphene. Note that the 
bending energy due to Gaussian curvature has been ignored in Eq. (4) and only the quadratic terms 
of the deflection are retained in Eq. (5) for a harmonic approximation, as discussed in [10].  
Assuming periodic boundary conditions in the x-y plane, the deflection ),( yxw  can be written 
in form of the Fourier series: 
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and the corresponding Fourier coefficients are  
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where r is the 2D position vector,  denotes the k-th wave vector in the 2D space, and L02 is the 
area of the domain Ω. For each configuration, the mean-square amplitude of the out-of-plane 
fluctuation is then 
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where )(ˆRe kw q  and )(ˆ Im kw q  are the real and imaginary parts of )(ˆ kw q , respectively. 
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Considering the statistical nature of thermal rippling, the Fourier coefficients )(ˆRe kw q  and 
)(ˆ Im kw q  are taken as continuous random variables. Each set of )(ˆRe kw q  and )(ˆ Im kw q  constitutes 
a possible configuration of the membrane. All possible configurations of the membrane construct 
a statistical ensemble. Based on classical statistical mechanics [33, 34], the probability density 
function (PDF) for each configuration is given by Boltzmann distribution at thermal equilibrium: 
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where U is the total potential energy of the configuration, Z is the configurational partition 
function,	and	 Bk  is Boltzmann constant. Substituting Eq. (6) into Eqs. (3-5), the total potential 
energy for each configuration of the supported graphene membrane is obtained in terms of the 
Fourier coefficients as 
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where  is the amplitude of the wave vector. It is important to note that the coefficients 
)(ˆ kw q  and )(ˆ kw q  are not independent since the deflection in Eq. (6) must be real valued. 
Consequently, only those Fourier coefficients associated with the upper half-plane of the wave 
vectors (i.e., 0 yk eq , including only half of the x-axis) are taken as the independent random 
variables in Eq. (10).  
By the equipartition theorem [34], the mean energy associated with each independent harmonic 
term in Eq. (10) equals 2/TkB , and thus we obtain that 
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where   denotes the ensemble average of the enclosed quantity. The ensemble average of the 
mean-square amplitude in Eq. (8) is then 
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Without the double derivative of the interaction energy function, Eq. (12) recovers the classical 
results for undulations of fluid membranes by Helfrich and Servuss [35], and the same result was 
obtained for a freestanding graphene membrane [10]. The additional term due to the interactions 
between graphene and the substrate depends on the average separation 0hz , which is unknown a 
priori. As shown later, the average separation at thermal equilibrium can be determined as a 
function of the temperature by minimizing the Helmholtz free energy of the graphene/substrate 
system under the isothermal condition. We note that, for the amplitude in Eq. (12) to be positive 
definite, it requires that 0)( 0  hzV  for 00  or  20*0 )(4 EhzVD   for 00  , which 
imposes a limitation for the harmonic approximation in the present analysis. 
With Boltzmann distribution in Eq. (9), the configurational partition function for the statitsical 
thermal rippling is obtained as 
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Here the integration limits have been taken to be -∞ and ∞ for each random variable. However, 
the random variables should be limited within a small range ( 1w ) under the harmonic 
approximation. Moreover, the rippling membrane should be constrained so that it does not 
penetrate into the substrate, which may lead to a steric effect [35-37]. Nevertheless, we proceed 
with Eq. (13) as an approximate partition function and leave the additional effects for future 
studies. 
With the partition function in Eq. (13), the Helmholtz free energy of the graphene/substrate 
system is obtained as a function of the average separation, pre-strain and temperature: 
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At a given temperature, the Helmholtz free energy can be minimized with respect to the 
average separation and the pre-strain for the thermomechanical equilibrium state. First, taking 
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derivative of the free energy with respect to the average separation, we obtain the average normal 
traction (force per unit area) between graphene and the substrate as 
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where the first term on the right-hand side is the interfacial traction at 0 K (without thermal rippling) 
and the second term is the entropic contribution due to thermal rippling. Hence, Eq. (15) predicts 
a temperature-dependent traction-separation relation for the interactions between graphene and the 
substrate. The equilibrium average separation,  Tz ,0*  , is then obtained by setting 0s , namely 
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Interestingly, we note that, if the interaction energy is purely harmonic with 0)(  zV , the 
entropic contribution in Eq. (15) vanishes and the equilibrium average separation becomes 
independent of temperature ( 1* z ). In general, however, the interaction energy as given in Eq. 
(1) is anharmonic, which leads to the entropic effect and the temperature dependence for the 
equilibrium separation. Therefore, despite the harmonic approximation of the interaction energy 
function in Eq. (3), the anharmonic effect of the interaction is partly taken into account in Eqs. (15) 
and (16). 
Next, taking derivative of the Helmholtz free energy in Eq. (14) with respect to the pre-strain, 
we obtain the average in-plane stress (equi-biaxial) in the graphene membrane as 
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Taking  Tzz ,0*  , the average in-plane stress at the equilibrium average separation is: 
 ),(~),,(),( 0
*
0
*
0
*
0
* TETzT   ,         (18) 
where the first term on the right-hand side is the pre-stress without rippling and the second term is 
the additional tension due to the entropic effect of thermal rippling (rippling stress): 
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As noted in the previous study [10], the in-plane thermal fluctuations of the graphene lattice 
lead to a positive thermal expansion if the out-of-plane fluctuations are completely suppressed. 
Taking the in-plane thermal expansion into account, the effective in-plane stress in graphene at a 
finite temperature is approximately 
	    ),(~),( 0*20*0* TTET D   ,         (20) 
where D2  is the 2D coefficient of thermal expansion (2D-CTE) resulting from the anharmonic 
interactions among in-plane phonon modes and was found to be a constant, D2 ~ 5.51×10-6 K-1, 
independent of temperature (up to 1000 K) [10]. Setting 0),( 0
* T  in Eq. (20) then leads to an 
equilibrium thermal strain, )(*0 T , which gives the effective thermal expansion of the supported 
graphene and could be either positive or negative due to the competing effects between in-plane 
lattice expansion and out-of-plane rippling, as discussed in the previous studies [8-10] for 
freestanding graphene. 
To be specific, the predictions by the statistical mechanics analysis are illustrated and discussed 
for a square-shaped graphene membrane. First, the normal traction in Eq. (15) is evaluated by 
summation over discrete Fourier modes, which can be written in a dimensionless form as 
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where 000 hs  , Dh200 , DhE 20* ,  zf  , )(zf  , and  zf   are derivatives of the 
normalized interaction energy function,    39 3
2
1   zzzf . The number n depends on two 
length scales: the domain size L0 and a microscopic cut-off length b (e.g., the minimum wavelength 
of thermal rippling). For bL 0 , n  and the summation in Eq. (21) converges to a constant. 
If 00  ,	the summation in Eq. (21) can be calculated by an integral approximation as  
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where we have taken bLq /0max   and 1min q . Note that the traction is independent of the 
domain size 0L  as long as 00 hL  , but weakly depends on the choice of the cut-off length b. The 
cut-off length is often taken as a few times of the bond length (r0 ~ 0.14 nm), which is close to the 
typical values for 0h  (~0.3 nm). For convenience, we take 0hb   in subsequent calculations. It is 
found that the results from Eq. (22) are in close agreement with the summation in Eq. (21) for 
10/ 00 hL . 
	 	
Figure 2. (a) Predicted normal traction as a function of temperature at different average separations, z 1, 
1.01, 1.02, and 1.05 (symbols by summation and lines by integral approximation); (b) Predicted traction-
separation relations at different temperatures, in comparison with the relation at T = 0 K (dashed line). 
Parameters: D = 1.4 eV, Γ0 = 0.242 J/m2, h0 = 0.316 nm, η = 0.11, and ε0 = 0. 
 
As shown in Fig. 2a, the normalized traction decreases linearly with increasing temperature; 
the linear dependence is expected as a result of the harmonic approximation in the present analysis. 
For 1z , the traction is positive (attraction) at low temperatures but may become negative 
(repulsion) at high temperatures. Evidently, the entropic effect of thermal rippling leads to an 
effective repulsion in addition to the van der Waals forces. Figure 2b shows the predicted traction-
separation relations at different temperatures. As the temperature increases, the maximum traction 
(a.k.a., interfacial strength) decreases. In other words, the attractive forces between graphene and 
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substrate are weakened by the entropic repulsion due to thermal rippling. Above a critical 
temperature (Tc ~ 2462 K for 11.0 ), the traction becomes all repulsive (s < 0), meaning that 
the van der Waals forces are no longer sufficient to keep the graphene attached to the substrate. 
Moreover, the predicted traction-separation relation is limited by the condition, 0)(  zf  or 
equivalently 165.1z . For 165.1z , the integral in Eq. (22) is unbounded and the harmonic 
analysis yields no meaningful result. 
	 	
Figure 3. (a) Predicted equilibrium average separation as a function of temperature, with an unstable branch 
for the critical separation (dashed lines); (b) Predicted out-of-plane coefficient of thermal expansion as a 
function of temperature. 
 
By setting the traction in Eq. (22) to zero we obtain two equilibrium average separations (see 
Fig. 2b), one is stable with 0




Tz
s  at  Tzz *0  and the other is unstable with 0




Tz
s  at 
 Tzz c . The latter is called the critical average separation, beyond which the traction becomes 
repulsive by the harmonic analysis. As shown in Fig. 3a, the stable equilibrium average separation 
increases with temperature almost linearly up to 1000 K, beyond which it becomes nonlinear, and 
no solution can be found above the critical temperature (Tc ~ 2462 K for 11.0 ). Meanwhile, 
the critical average separation decreases with increasing temperature (dashed lines in Fig. 3a). At 
the critical temperature, the two average separations converge at   122.1*0 cTz ; hence, by Eq. 
(22), the critical temperature depends on the van der Waals interactions approximately as 
DTk cB ~ . 
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The increase of the stable equilibrium average separation with temperature is similar to the 
out-of-plane thermal expansion of graphite, with a temperature-dependent, positive coefficient of 
thermal expansion [38]. Quantitatively, the coefficient of out-of-plane thermal expansion (CTE) 
for the graphene/substrate interface may be defined as dTzdz /
*
0 , which depends on the van 
der Waals interactions through the dimensionless group  . As shown in Fig. 3b, the CTE decreases 
as   increases. For 11.0  and T < 1000 K, we obtain 5105.3 z K-1, which is slightly larger 
than the measured out-of-plane CTE of graphite at around 1000 K [39]. The predicted CTE 
increases with increasing temperature, in qualitative agreement with the measured CTE for 
graphite. However, the present prediction appears to overestimate the CTE at low temperatures (T 
< 200 K) and at very high temperatures (T > 2000 K). 
At the equilibrium average separation *0z  for 00  , the average rippling amplitude can be 
obtained from Eq. (12) in form of a discrete summation as 
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For n , the summation can be evaluated by an integral approximation and the root-mean-
square (RMS) amplitude of thermal rippling is then obtained as 
   4/1*002 8  zfDTkh B  .     (24) 
For a freestanding membrane, the rippling amplitude can be obtained from Eq. (23) with 0 , 
which recovers the result in the previous study [10]: 
 
D
TkL B
2/3
0
4  .       (25)  
Apparently, as a result of the harmonic approximation, the rippling amplitude of a freestanding 
membrane scales linearly with the domain size (L0), although a power-law scaling was observed 
in MD simulations due to anharmonic effects [10]. In contrast, with the presence of van der Waals 
interactions ( 0 ), the rippling amplitude in Eq. (24) is independent of the domain size (for 
00 hL  ). Figure 4a shows the predicted rippling amplitude as a function of temperature for 
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different values of  . Evidently, comparing to the freestanding graphene, the presence of adhesive 
interactions considerably suppresses the amplitude of thermal rippling, and the normalized RMS 
amplitude decreases with increasing  . 
	 	
Figure 4. (a) Predicted RMS amplitude of thermal rippling as a function of temperature. (b) Normalized 
adhesion energy as a function of temperature due to the effect of thermal rippling. 
 
The effective adhesion energy may be defined as the difference between the Helmholtz free 
energy at the equilibrium average separation ( *zz  ) and that at infinite separation ( z ). For 
00  , we have  
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It can be seen that, as 0T K, we have 1*0 z  and  00 hV  as expected from the 
interaction energy function in Eq. (1). By integral approximation we obtain 
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
.    (27) 
As shown in Fig. 4b, the adhesion energy decreases with increasing temperature, almost linearly 
up to about 1000 K. Interestingly, while the statistical effect of thermal rippling leads to an 
effective repulsion and hence an effectively lower adhesion energy with increasing temperature, 
an opposite effect was predicted by considering the electromagnetic modes and thermal radiation, 
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where the attractive van der Waals forces increase with increasing temperature [29-32]. For the 
case of an atomic monolayer interacting with a solid substrate, the two effects may co-exist, 
leading to a more complicated dependence on temperature. Without considering the increasing 
attractive van der Waals forces, the entropic effect is overestimated by the thermal rippling effect 
alone. On the other hand, the out-of-plane CTE of graphite was underestimated by the first-
principle calculations with a quasiharmonic approximaiton [38], possibly because the thermal 
rippling effects were not fully taken into account. Thus, the coupling of the two competing effects 
would be of interest for further studies.  
Alternatively, the predicted traction-separation relations (see Fig. 2b) may be used to determine 
the adhesion energy (or work of separation), by integrating the traction from the equilibrium 
average separation ( *z ) to the critical average separation ( cz ). This is equivalent to the difference 
in the Helmholtz free energy at the two equilibrium separations, which would give a much lower 
adhesion energy due to the much shorter range of separation ( 165.1 czz ) accessible by the 
harmonic analysis. 
The effect of pre-strain on the interfacial traction-separation relation is shown in Fig. 5a, where 
the summation in Eq. (21) is calculated by an integral approximation similar to that in Eq. (22). 
When 00  , we obtain 
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if   2024   zf , or 
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if   2024   zf . When 00  , the traction is unbounded if   2024   zf  and only the result 
for   2024   zf  is meaningful. Notably, the traction-separation relation depends on the pre-
strain sensitively when 00  , with decreasing strength for increasingly large compressive strain. 
This again can be attributed to the effect of entropic repulsion due to thermal rippling that is 
amplified by the compressive strain. Beyond a critical compressive strain, the traction becomes all 
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repulsive. On the other hand, when 00  , the entropic repulsion is reduced so that the maximum 
traction increases with increasing strain, slowly approaching the limit at T = 0 K (dashed line). 
	 	
	 		
Figure 5. Effects of pre-strain by the statistical mechanics analysis (with parameters: E* = 403 N/m, D = 
1.4 eV, Γ0 = 0.242 J/m2, h0 = 0.316 nm, η = 0.11). (a) Traction-separation relations at T = 300 K with 
different pre-strains as indicated. The dashed line is the traction-separation relation at T = 0 K, independent 
of the pre-strain. (b) Equilibrium average separation, with a critical strain at each temperature. (c) RMS 
amplitude of thermal rippling. (d) Critical strain versus temperature (a stability phase diagram).  
 
By setting the interfacial traction to zero, we obtain the equilibrium average separation 
 Tz ,0*   as a function of the pre-strain at different temperatures, as shown in Fig. 5b. Similar to 
Fig. 3a, there are two branches for the equilibrium separation at each temperature, one stable and 
the other unstable (critical average separation,  Tzc ,0 , shown as dashed lines). The two branches 
converge at a critical strain ( c ), below which no solution can be found as the traction becomes all 
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repulsive. Correspondingly, Fig. 5c shows the effect of pre-strain on the rippling amplitude. By 
Eq. (12) and Eq. (15), the rippling amplitude at the equilibrium average separation is obtained as 
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0
2
zf
zfh 
 .       (30) 
The rippling amplitude decreases with a tensile pre-strain and increases with a compressive strain. 
As a tensile strain tends to reduce the amplitude of thermal rippling, it reduces the entropic 
repulsion and hence the equilibrium average separation (Fig. 5b). The opposite is true for a 
compressive strain until it reaches the critical strain ( c ). The rippling amplitude increases rapidly 
near the critical strain, resembling a buckling instability. Beyond the critical strain ( c 0 ), a 
nonlinear analysis with anharmonic effects would be necessary for further studies. The critical 
strain as predicted by the present analysis depends on temperature through the dimensionless 
group, DTkB / . In addition, it depends on the van der Waals interactions and the mechanical 
properties of graphene through two other dimensionless groups, Dh200  and DhE 20* . 
As 0T K, the critical strain approaches the buckling strain,  /36B ; the latter was 
predicted previously by Aitken and Huang [27] without considering the effect of thermal rippling. 
At a finite temperature, with thermal rippling, the critical strain becomes less compressive, i.e., 
Bc   , as shown in Fig. 5d. At very high temperatures, the membrane could be unstable even 
under a tensile strain (e.g., 0c ). The critical temperature noted in Fig. 3a is simply the 
temperature with a zero critical strain ( 0c ). Hence, Fig. 5d may be considered as a stability 
phase diagram in terms of temperature and pre-strain. 
By Eq. (20), the average in-plane stress in graphene is obtained with an entropic contribution 
(the rippling stress) as  
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Figure 6a shows that the entropic rippling stress increases with increasing temperature, but 
decreases with increasing pre-strain, following the same trend as the rippling amplitude (Fig. 5c). 
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The total stress, with the effect of in-plane thermal expansion, is shown in Fig. 6b as a function of 
pre-strain for T = 1000 K. Here we have assumed that the biaxial modulus *E  of graphene is 
independent of temperature and strain. Due to in-plane thermal expansion, the in-plane stress-
strain relation simply shifts downward at a finite temperature before the rippling stress is taken 
into account. With thermal rippling, the total stress becomes more tensile with a slightly nonlinear 
dependence on the pre-strain. The effective modulus, defined as the slope of the stress-strain curve, 
is lower than *E  and depends on temperature, similar to the effective modulus for a freestanding 
graphene as discussed in the previous study [10]. 
	 	
Figure 6. (a) Predicted rippling stress as a function of pre-strain; (b) Comparison of the average in-plane 
stresses at 1000 K with and without rippling.	
 
III. MOLECULAR DYNAMICS SIMULATION 
The theoretical predictions by the continuum statistical mechanics analysis in Section II are 
compared to MD simulations using LAMMPS [40]. A square-shaped graphene membrane (L0 ~ 
20 nm) is placed on top of a flat surface as a rigid substrate. The van der Waals interactions between 
the carbon atoms of graphene and the substrate are specified in form of Eq. (1) with two parameters 
(  and h0). The energy per unit area is converted to energy per atom by using the area per atom 
in the graphene lattice, 204
3
0 3rA  , where r0 = 0.142 nm for the bond length. The dimensionless 
parameter ߟ is varied by changing the reference adhesion energy  and equilibrium separation 
h0. Here, we use two different values for h0: 0.316 and 1.0 nm; the former is predicted by DFT 
calculations for graphene on SiO2 [23], while the latter is taken as an upper bound from 
0
0
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measurements [17, 41, 42]. The value of  is varied between 0.1 and 1.0 J/m
2, as the typical 
range for the adhesion energy from both experiments and theoretical calculations [17-23]. 
The second-generation reactive empirical bond-order (REBO) potential [43] is used for the 
carbon-carbon interactions in graphene. With the REBO potential, the mechanical properties of 
graphene in the ground state (T = 0 K) have been predicted previously [44-46]: E = 243 N/m, ν = 
0.397, and D = 1.4 eV. Although these values are different from DFT calculations [47, 48], they 
are used in the present study to compare the theoretical predictions with the MD simulations. Under 
an equi-biaxial pre-strain ( 0 ), the theoretical results depend on a dimensionless group, 
DhE 20
* . Despite the discrepancy in the 2D Young’s modulus and Poisson’s ratio, the biaxial 
modulus, , predicted by the REBO potential ( ~ 403 N/m) is in close agreement 
with DFT ( ~ 406 N/m). The bending modulus (D) is also in close agreement with DFT (~1.5 
eV) [45, 47]. 
MD simulations are performed in NVT ensemble with periodic boundary conditions, where 
the temperature is controlled by the Nose-Hoover thermostat. The equi-biaxial pre-strain 0  is 
applied to the graphene membrane by simultaneously changing the two in-plane dimensions as 
, where L0 is the side length of the square-shaped membrane in the ground state (T 
= 0 K). It is found that the simulation results are independent of the membrane size as long as 
00 hL  , and only the simulations with 200 L nm (see Fig. 1) are presented. Periodic boundary 
conditions are applied in all three directions. The thickness dimension of the simulation box is set 
to be 10 nm so that it is large enough to avoid interactions between periodic images. Each 
simulation runs up to 40 ns with a time step of 1 fs. The first 10 ns is for the system to equilibrate 
with the prescribed temperature and pre-strain, and the subsequent 30 ns is used for calculating the 
time-averaged quantities.  
The normalized equilibrium average separation is calculated for each MD simulation as 
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where N is the total number of carbon atoms and 
ti
z  is the time-averaged z-coordinate of the i-
th atom. The mean amplitude of the out-of-plane thermal rippling is calculated by a time-averaged 
RMS, namely  
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The average in-plane stress in graphene is evaluated by the time-averaged 2D virial stress: 
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where Fij is the interatomic force between two carbon atoms (i and j), ri is the position vector of i-
th atom, vi is the velocity vector, and mi is the atomic mass.  
Finally, the time-averaged interaction potential energy (per unit area) is calculated, for which 
the corresponding ensemble average can be predicted by the statistical mechanics analysis as 
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We note that the average interaction energy differs from the effective adhesion energy defined by 
the Helmholtz free energy (Eq. 26). The latter may be calculated by the steered MD simulations 
[49], which is left for future studies. 
 
IV. RESULTS AND DISCUSSION 
In this section we compare the theoretical predictions by the statistical mechanics analysis in 
Section II with the MD simulations. First, we compare the RMS amplitude of thermal rippling 
(Fig. 7a) and the equilibrium average separation (Fig. 7b) for cases with zero pre-strain (ε0 = 0). 
Both increase with increasing temperature as a result of the entropic effect. Increasing the adhesion 
energy (η) reduces the rippling amplitude and hence the entropic repulsion, leading to less 
expansion in the equilibrium separation. The results from MD simulations agree reasonably well 
with the theoretical predictions at relatively low temperatures. At high temperatures the statistical 
mechanics analysis over-predicts the amplitude of thermal rippling, possibly due to the harmonic 
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approximation. The predicted critical temperature is not observed in the MD simulations. It is 
possible that the anharmonic effects not considered in the present analysis are substantial at high 
temperatures, suppressing the rippling amplitude and delaying the critical temperature behavior. 
Figure 7c shows the average interaction energy between graphene and substrate, decreasing with 
increasing temperature. The same trend is predicted for the effective adhesion energy (Fig. 4b). 
By Eq. (35), the normalized interaction energy with 2000 LU   depends on the rippling amplitude 
and the average separation. Again, the theoretical prediction agrees with the MD simulations at 
relatively low temperatures. 
  
  
Figure 7. Comparison between theoretical predictions and MD (ε0 = 0): (a) RMS amplitude of thermal 
rippling as a function of temperature for different η. (b) Equilibrium average separation as a function of 
temperature. (c) Average interaction energy between graphene and substrate. (d) Average in-plane stress 
in graphene (dashed line for the case of no rippling). All symbols are from MD simulations and lines by 
the theoretical predictions.  
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Constrained at zero pre-strain (relatively to the ground state at 0 K), a thermal stress is induced 
in graphene at a finite temperature. By Eq. (20), the amplitude of thermal stress would increase 
linearly with temperature if the out-of-plane rippling is completely suppressed, as shown by the 
dashed line in Fig. 7d. While the positive 2D-CTE (α2D > 0) leads to a compressive thermal stress, 
the rippling stress *~  is tensile, as predicted by Eq. (31) and shown in Fig. 6a. As a result, the 
average thermal stress in graphene becomes less compressive and depends on the adhesive 
interactions with the substrate. In contrast, for a freestanding graphene the thermal stress was found 
to be tensile due to significantly larger rippling stress [10]. Figure 7d shows that the thermal 
stresses obtained from MD simulations agree reasonably well with the theoretical prediction at 
relatively low temperatures. 
The effects of pre-strain are compared in Fig. 8. First, the rippling amplitudes at four different 
temperatures are shown with pre-strains ranging from -0.02 to 0.06 (Fig. 8a). The results from MD 
simulations agree well with the predictions for the cases with a tensile pre-strain ( 00  ). The 
statistical mechanics analysis predicts a temperature dependent critical strain (Fig. 5d), beyond 
which the harmonic approximation yields no meaningful result. The RMS amplitude of thermal 
rippling from MD simulations increases dramatically as the pre-strain changes from -0.01 to -0.02, 
indicating a critical strain in between. Figure 9 shows the morphology of the supported graphene 
at 300 K with a pre-strain of -0.02, where a zigzag buckling pattern is observed. Similar buckling 
patterns are observed at other temperatures. Such a buckling phenomenon resembles the telephone 
cord blistering in thin films as a result of biaxial compression and interfacial delamination [50]. 
Apparently, the largest separation shown in Fig. 9 is greater than 1 nm (~3h0), for which the van 
der Waals interactions with the substrate become negligible and the graphene may be considered 
as delaminated locally from the substrate. A few recent studies have also simulated buckling of 
substrate-supported graphene with a variety of morphological patterns such as wrinkles, folds, and 
crumpling [51-53]. However, the transition from thermal rippling to buckling is noted for the first 
time in the present study. We leave it for further studies to determine the critical strain for this 
transition and its dependence on the interfacial adhesion and temperature. 
The equilibrium average separation as a function of the pre-strain is compared in Fig. 8b. The 
trend is similar to the rippling amplitude because the entropic repulsion increases with increasing 
rippling amplitude. The average separation becomes much larger (~1.4 h0) at 02.00  , a result 
of the rippling to buckling transition. Similarly, the average interaction energy is compared in Fig. 
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8c, which decreases as both the rippling amplitude and the equilibrium average separation increase 
under a compressive strain. After the buckling transition, the average interaction energy drops 
dramatically to less than 80% of the reference value ( 2000 LU  ) at 02.00  . The comparisons 
in Fig. 8 (a-c) show that the theoretical predictions in Section II are reasonable for the cases with 
relatively low temperatures (T < 1000 K) and subcritical pre-strains ( 01.00  ). 
  
   
Figure 8. Effects of pre-strain by MD (Γ0 = 0.242 J/m2, h0 = 0.316 nm, and η = 0.11). (a) RMS amplitude 
of thermal rippling as a function of strain at different temperatures. (b) Equilibrium average separation as 
a function of strain. (c) Average interaction energy between graphene and substrate. (d) Average in-plane 
stress in graphene. All symbols are from MD simulations and lines by the theoretical predictions. 
  
Figure 8d compares the normalized in-plane stress of graphene. As noted in Fig. 6d, the average 
in-plane stress is subject to two competing effects. Relative to the stress-strain relation at 0 K, the 
stress becomes more compressive at a finite temperature (T > 0 K) due to the positive lattice 
expansion but becomes less compressive due to thermal rippling. The two effects combine to give 
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a weak temperature dependence for the in-plane stress-strain relation of the supported graphene. 
The results from MD simulations agree with the theoretical predictions when the strain is small (
01.001.0 0   ) for temperatures up to 1000 K. At larger tensile strains ( 01.00  ), the stresses 
from MD simulations are lower because of the intrinsic elastic nonlinearity of graphene as 
discussed in previous studies [10, 44, 48]. At larger compressive strains (e.g., 02.00  ), the 
compressive stress is largely relaxed and nearly independent of temperature after the buckling 
transition. 
 
Figure 9. Buckling of a substrate-supported graphene by MD simulation at 300 K with a biaxial pre-strain 
of -0.02. The side length of the graphene membrane as shown is about 20 nm, and the interfacial properties 
are: Γ0 = 0.242 J/m2 and h0 = 0.316 nm. 
 
We close this section by commenting on the major differences between substrate-supported 
graphene and freestanding graphene. For freestanding graphene (ߟ ൌ 0), as shown in the previous 
study [10], the rippling amplitudes from MD simulations are considerably lower than the 
predictions by the harmonic analysis (even at low temperatures) and depend on the size of the 
graphene membrane by a power law instead of the linear scaling predicted by the harmonic 
approximation. For supported graphene with adhesive interactions ( ߟ ൐ 0 ), the rippling 
amplitudes are independent of the membrane size, and the harmonic approximation becomes more 
applicable since the rippling amplitude is much smaller than freestanding graphene. The 
comparisons in Figs. 7 and 8 suggest that the theoretical predictions by the harmonic 
approximations are reasonable as long as the rippling amplitude is relatively small (e.g., 
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1.0/ 0 h ). For the case with 11.0 , the applicable temperature range is up to 1000 K with 
the pre-strain 01.00  . 
 
V. SUMMARY 
Thermal rippling of a substrate-supported graphene depends on the adhesive interactions 
between graphene and the substrate, and the statistical nature of thermal rippling leads to an 
entropic effect on the graphene-substrate interactions. This inter-relationship between thermal 
rippling and adhesion is theoretically analyzed by a continuum statistical mechanics approach 
under harmonic approximations. Comparisons with MD simulations show that the theoretical 
predictions on the rippling amplitude, the equilibrium average separation, and the average 
interaction energy are in reasonable agreement at relatively low temperatures, when the rippling 
amplitude is relatively small. Of particular interest is the entropic effects of thermal rippling that 
lead to an effective repulsion, and as a result, the equilibrium average separation increases and the 
effective adhesion energy decreases with increasing temperature. Moreover, the presence of a 
biaxial pre-strain in graphene could either reduce or amplify the thermal rippling and the entropic 
effects, depending on the sign of strain (tensile or compressive). A rippling-to-buckling transition 
is predicted and observed in MD simulations beyond a critical compressive pre-strain. These 
theoretical and numerical results shed light on the commonly observed morphological features 
(wrinkles, buckles, and folds) in substrate-supported graphene and other 2D materials, and in 
particular, on the effects of adhesive interactions and temperature. Further studies would extend 
the statistical mechanics analysis to account for the anharmonic effects and consider more realistic 
substrate surfaces with roughness. 
  
References 
 
1. J.C. Meyer, A.K. Geim, M.I. Katsnelson, K.S. Novoselov, T.J. Booth, and S. Roth, The 
structure of suspended graphene sheets. Nature 446, 60-63 (2007). 
2. A. Fasolino, J.H. Los, and M.I. Katsnelson, Intrinsic ripples in graphene. Nature Mater. 6, 
858-861 (2007). 
3. D.R. Nelson and L. Peliti., Fluctuations in membranes with crystalline and hexatic order. 
Journal de Physique 48, 1085–1092 (1987). 
4. J.A. Aronovitz and T.C. Lubensky, Fluctuations of solid membranes. Phys. Rev. Lett. 60, 
2634-2637 (1988). 
	 25
5. J.H. Los, M.I. Katsnelson, O.V. Yazyev, K.V. Zakharchenko, A. Fasolino, Scaling 
properties of flexible membranes from atomistic simulations: application to graphene. 
Physical Review B 80, 121405R (2009). 
6. U. Bangert, M. H. Gass, A. L. Bleloch, R. R. Nair1, and A. K. Geim, Manifestation of 
ripples in free-standing graphene in lattice images obtained in an aberration-corrected 
scanning transmission electron microscope. Phys. Status Solidi A 206, 1117–1122 (2009). 
7. R. Zan, C. Muryn, U. Bangert, P. Mattocks, P. Wincott, D. Vaughan, X. Li, L. Colombo, R. 
S. Ruoff, B. Hamilton, and K.S. Novoselov, Scanning tunneling microscopy of suspended 
graphene. Nanoscale 4, 3065-3068 (2012). 
8. K.V. Zakharchenko, M.I. Katsnelson, A. Fasolino, Finite temperature lattice properties of 
graphene beyond the quasiharmonic approximation. Phys. Rev. Lett. 102, 046808 (2009). 
9. S. Chen and D.C. Chrzan, Monte Carlo simulation of temperature-dependent elastic 
properties of graphene. Phys. Rev. B 84, 195409 (2011). 
10. W. Gao and R. Huang, Thermomechanics of monolayer graphene: Rippling, thermal 
expansion and elasticity. J. Mech. Phys. Solids 66, 42 (2014). 
11. E. Stolyarova, K.T. Rim, S. Ryu, J. Maultzsch, P. Kim, L.E. Brus, T.F. Heinz, M.S. 
Hybertsen, G.W. Flynn, High-resolution scanning tunneling microscopy imaging of 
mesoscopic graphene sheets on an insulating surface. Proc. Natl. Acad. Sci. U.S.A. 104, 
9209-9212 (2007). 
12. K. Xu, P. Cao, J.R. Heath, Scanning tunneling microscopy characterization of the electrical 
properties of wrinkles in exfoliated graphene monolayers. Nano Lett. 9, 4446-4451 (2009). 
13. G.-X. Ni, Y. Zheng, S. Bae, H. R. Kim, A. Pachoud, Y. S. Kim, C.-L. Tan, D. Im, J.-H. 
Ahn, B. H. Hong, B. Özyilmaz, Quasi-periodic nanoripples in graphene grown by chemical 
vapor deposition and its impact on charge transport. ACS Nano 6, 1158-1164 (2012). 
14. W. Zhu, T. Low, V. Perebeinos, A. A. Bol, Y. Zhu, H. Yan, J. Tersoff, P. Avouris, Structure 
and electronic transport in graphene wrinkles. Nano Lett. 12, 3431-3436 (2012). 
15. T. Jiang, R. Huang, Y. Zhu, Interfacial sliding and buckling of monolayer graphene on a 
stretchable substrate. Advanced Functional Materials 24, 396-402 (2014). 
16. C. Brennan, J. Nguyen, E. Yu, N. Lu, Interface adhesion between 2D materials and 
elastomers measured by buckle delaminations. Advanced Materials Interface, in press. DOI: 
10.1002/admi.201500176. 
17. M. Ishigami, J.H. Chen, W.G. Cullen, M.S. Fuhrer, E.D. Williams, Atomic structure of 
graphene on SiO2. Nano Letters 7, 1643-1648 (2007). 
18. Z. Zong, C.-L. Chen, M.R. Dokmeci, K.-T. Wan, Direct measurement of graphene adhesion 
on silicon surface by intercalation of nanoparticles. J. Appl. Phys. 107, 026104 (2010). 
19. S.P. Koenig, N.G. Boddeti, M.L. Dunn, J.S. Bunch, Ultrastrong adhesion of graphene 
membranes. Nature Nanotechnology 6, 543-546 (2011). 
20. T. Yoon, W.C. Shin, T.Y. Kim, J.H. Mun, T.-S. Kim, and B.J. Cho, Direct measurement of 
adhesion energy of monolayer graphene as-grown on copper and its application to 
renewable transfer process. Nano Lett. 12, 1448–1452 (2012). 
21. Z. Cao, P. Wang, W. Gao, L. Tao, J.W. Suk, R.S. Ruoff, D. Akinwande, R. Huang, K.M. 
Liechti, A blister test for interfacial adhesion of large-scale transferred graphene. Carbon 69, 
390-400 (2014). 
22. M. Vanin, J. J. Mortensen, A. K. Kelkkanen, J. M. Garcia-Lastra, K. S. Thygesen, and K. 
W. Jacobsen, Graphene on metals: A van der Waals density functional study. Phys. Rev. B 
81, 081408R (2010). 
	 26
23. W. Gao, P. Xiao, G. Henkelman, K.M. Liechti, R. Huang, Interfacial adhesion between 
graphene and silicon dioxide by density functional theory with van der Waals corrections. J. 
Phys. D: Appl. Phys. 47, 255301 (2014). 
24. S.R. Na, J.W. Suk, R.S. Ruoff, R. Huang, K. M. Liechti, Ultra Long-Range Interactions 
between Large Area Graphene and Silicon. ACS Nano 8, 11234-11242 (2014). 
25. Z. Cao, L. Tao, D. Akinwande, R. Huang, K.M. Liechti, Mixed-mode interactions between 
graphene and substrates by blister tests. Journal of Applied Mechanics 82, 081008  (2015). 
26. W. Gao, K.M. Liechti, R. Huang, Wet adhesion of graphene. Extreme Mechanics Letters 3, 
130-140 (2015). 
27. Z.H. Aitken and R. Huang, Effects of mismatch strain and substrate surface corrugation on 
morphology of supported monolayer graphene. J. Appl. Phys. 107, 123531 (2010). 
28. B. Amorim, A. Cortijo, F. de Juan, A.G. Grushin, F. Guinea, A. Gutierrez-Rubio, H. Ochoa, 
V. Parente, R. Roldan, P. San-Jose, J. Schiefele, M. Sturla, M.A.H. Vozmediano, Novel 
effects of strains in graphene and other two dimensional materials. arXiv:1503.00747v2 
(2015). 
29. B.W. Ninham, V.A. Parsegian, G.H. Weiss, On the macroscopic theory of temperature-
dependent van der Waals forces. J. Statistical Phys. 2, 323-328 (1970).  
30. T.H. Boyer, Temperature dependence of van der Waals forces in classical electrodynamics 
with classical electromagnetic zero-point radiation. Phys. Rev. A 11, 1650-1663 (1975). 
31. H. Wennerstrom, J. Daicic, B.W. Ninham, Temperature dependence of atom-atom 
interactions. Phys. Rev. A 60, 2581-2584 (1999). 
32. P.R. Berman, G.W. Ford, P.W. Milonni, Nonperturbative calculation of the London-van der 
Waals interaction potential. Phys. Rev. A 89, 022127 (2014). 
33. J.H. Weiner, Statistical Mechanics of Elasticity. Dover Publications, Mineola, NewYork 
2002. 
34. R.K. Pathria, Statistical Mechanics, 2nd ed. Butterworth-Heineman, Oxford 1996. 
35. W. Helfrich and R. M. Servuss, Undulations, steric interaction and cohesion of fluid 
membranes. Il Nuovo Cimento D 3,137–151 (1984). 
36. L.B. Freund, Entropic pressure between biomembranes in a periodic stack due to thermal 
fluctuations. Proc. Natl. Acad. Sci. U.S.A. 110, 2047-2051 (2013). 
37. Y. Hanlumyuang, L.P. Liu, P. Sharma, Revisiting the entropic force between fluctuating 
biological membranes. J. Mech. Phys. Solids 63, 179-186 (2014). 
38. N. Mounet and N. Marzari, First-principles determination of the structural, vibrational and 
thermodynamic properties of diamond, graphite, and derivatives. Phys. Rev. B 71, 205214 
(2005). 
39. H.  O.  Pierson, Handbook of Carbon, Graphite, Diamond, and Fullerenes: Properties, 
Processing, and Applications. Noyes Publications, Park Ridge, NJ, 1993, pp. 59–60. 
40. S. Plimpton, Fast parallel algorithms for short-range molecular dynamics. J. Comput. Phys. 
117, 1-19 (1995). 
41. A. Gupta, G. Chen, P. Joshi, S. Tadigadapa, and P. C. Eklund, Raman Scattering from High-
Frequency Phonons in Supported n-Graphene Layer Films. Nano Lett. 6, 2667–2673 (2006). 
42. S. Sonde, F. Giannazzo, V. Raineri, and E. Rimini, Dielectric thickness dependence of 
capacitive behavior in graphene deposited on silicon dioxide. J. Vac. Sci. Technol. B 27, 
868-873 (2009). 
	 27
43. D. W. Brenner, O. A. Shenderova, J. A. Harrison, S. J. Stuart, B. Ni, S. B. Sinnott, A 
second-generation reactive empirical bond order (REBO) potential energy expression for 
hydrocarbons. J. Phys.: Condens. Matter 14, 783-802 (2002). 
44. Q. Lu and R. Huang, Nonlinear mechanics of single-atomic-layer graphene sheets. 
International Journal of Applied Mechanics 1, 443-467 (2009). 
45. Qiang Lu, Marino Arroyo, and Rui Huang, Elastic bending modulus of monolayer graphene. 
J. Phys. D: Appl. Phys. 42, 102002 (2009). 
46. Qiang Lu, Wei Gao, and Rui Huang, Atomistic simulation and continuum modeling of 
graphene nanoribbons under uniaxial tension. Modell. Simul. Mater. Sci. Eng. 19, 054006 
(2011). 
47. K. N. Kudin, G. E. Scuseria, B. I. Yakobson, C2F, BN, and C nanoshell elasticity from ab 
initio computations. Phys. Rev. B 64, 235406 (2001). 
48. X. Wei, B. Fragneaud, C.A. Marianetti, and J.W. Kysar, Nonlinear elastic behavior of 
graphene: Ab initio calculations to continuum description. Phys. Rev. B 80, 205407 (2009). 
49. S. Park, F. Khalili-Araghi, E. Tajkhorshid, K. Schulten, Free energy calculation from 
steered molecular dynamics simulations using Jarzynski’s equality. Journal of Chemical 
Physics 119, 3559-3566 (2003). 
50. M.-W. Moon, J.-W. Chung, K.-R. Lee, K.H. Oh, R. Wang, A.G. Evans, An experimental 
study of the influence of imperfections on the buckling of compressed thin films. Acta 
Mater. 50, 1219–1227 (2002). 
51. K. Zhang and M. Arroyo, Adhesion and friction control localized folding in supported 
graphene. J. Appl. Phys. 113, 193501 (2013). 
52. K. Zhang and M. Arroyo, Understanding and strain-engineering wrinkle networks in 
supported graphene through simulations. J. Mech. Phys. Solids 72, 61-74 (2014). 
53. T. Al-Mulla, Z. Qin, M. J. Buehler, Crumpling deformation regimes of monolayer graphene 
on substrate: a molecular mechanics study. J. Phys.: Condens. Matter 27 345401 (2015). 
 
